Abstract. Barrucand and Cohn's theory of principal factorizations in pure cubic fields Q( 
Introduction and Main Theorems
Let F be an algebraic number field. For each prime number p ∈ P and each integer exponent f ≥ 1, let the Ostrowski ideal [25] of F for the prime power p f be defined as the product of all prime ideals of F with norm p f , that is
According to Zantema [37] , F is called a Polya field [30] , if the Ostrowski ideals of F for arbitrary prime powers are principal, that is (1.2) (∀ p ∈ P) (∀ f ∈ N) (∃ Γ ∈ F ) b p f (F ) = ΓO F .
The aim of the present paper is to provide a necessary and sufficient condition for the Polya property and a classification of all pure metacyclic fields N = Q(ζ 5 ,
5
√ D), with ζ 5 = exp(2π √ −1/5) and D ≥ 2 a fifth power free integer, into precisely 13 exhaustive and mutually exclusive types, according to the Galois cohomology of the unit group U N , viewed as a module over the automorphism group G = Gal(N/K) of N over the cyclotomic field K = Q(ζ 5 ). Each type is characterized uniquely by the 0-th cohomology, i.e. the unit norm index, Proof. Since the absolute extension N/Q is Galois, it suffices to consider Ostrowski ideals of N for powers of primes which ramify in N/Q [37] . We reduce the principal ideal conditions for Ostrowski ideals of the normal field N to principal ideal conditions for Ostrowski ideals of the non-Galois field L. Then we use the equivalence b p (L) = αO L ⇐⇒ N L/Q (α) = p for α ∈ L and p ∈ P ramified in L/Q. Thus, on the one hand, for x ∈ L,
and on the other hand, for Γ ∈ N , (1.8)
If Q were not principal, then the class QP L ∈ Cl(L) would have order 2 or 4 in Cl 2 (L) and would capitulate in N , T N/L (QP L ) = (QO N )P N = QP N = 1, which is impossible [34] .
Thus, on the one hand, for x ∈ L,
and on the other hand, for Γ ∈ N ,
If L were not principal, then the class LP L ∈ Cl(L) would have order 2 or 4 in Cl 2 (L) and would capitulate in N , T N/L (LP L ) = (LO N )P N = (L 1 L 2 )P N = 1, which is impossible [34] . Thus, on the one hand, for x ∈ L,
and on the other hand, for Γ ∈ N , (1.14)
If L were not principal, then the class LP L ∈ Cl(L) would have order 2 or 4 in Cl 2 (L) and would capitulate in N , T N/L (LP L ) = (LO N )P N = (L 1 · · · L 4 )P N = 1, which is impossible [34] .
Finally, the investigation of the special prime 5 must be divided in two parts. Generally, 5O K = p 4 , N (p) = 5, b 5 (K) = p, and, since K is a Polya field [37] , b 5 (K) = ξO K for ξ ∈ K. Thus on the one hand, for x ∈ L,
and on the other hand, for Γ ∈ N , (1.18)
and thus b 5 (L) = P = P
O L is principal. If 5 does not divide the fourth power of the conductor of N/K, then 5O L = P 1 P Leriche [15, 16] has proved the following analogue of our Theorem 1.1, giving a necessary and sufficient criterion for the Polya property of Galois closures Q(ζ 3 , (∀ p ∈ P, p ramified in N/Q(ζ 3 )) (∃ α ∈ L) N L/Q (α) = p.
Now we state our second Main Theorem concerning the classification. Table 1 , in dependence on the invariant U and the triplet (A, I, R). Table 1 . Differential principal factorization types of pure metacyclic fields N
The types δ 1 , δ 2 , ε are characterized additionally by ζ 5 ∈ N N/K (U N ), and the types ζ 1 , ζ 2 , η by
Proof. The proof will be developed in a sequence of partial results, as explained in the following summary of the layout of this paper.
In § 2, basic arithmetic and Galois theory of pure quintic fields and their pure metacyclic normal closures are recalled, normalized radicands are introduced, and formulas for conductors and discriminants are given. In § § 3 and 4, differential principal factorizations are explained in a series of steps. Starting with a general definition of ambiguous ideals in arbitrary (not necessarily normal) extensions, we define differential factors as primitive ambiguous ideals by comparing their structure with the shape of the relative different. Further, we investigate kernels of ideal norm homomorphisms and F 5 -dimensions. In § § 6 and 7, Galois cohomology is used to prove the Main Classification Theorem 6.1 and τ -invariance is analyzed. Finally, § 10 establishes the Main Theorem 10.5 and underpins all theoretical results in the previous sections by concrete numerical examples for each of the 13 differential principal factorization types and the statistical distribution of their occurrence in the range 2 ≤ D < 10 3 of 900 normalized radicands.
Pure metacyclic fields
Let q 1 , . . . , q s be pairwise distinct primes such that s ≥ 1 and 5 may be among them. Denote by
the pure quintic number field with fifth power free radicand D = q e1 1 · · · q es s , where the exponents are integers 1 ≤ e i ≤ 4. The field L is generated by adjoining the unique real and irrational solution of the pure quintic equation X 5 − D = 0 to the rational number field Q. It is a non-Galois algebraic number field with signature (1, 2) and thus possesses four conjugate and isomorphic complex fields
, where ζ = ζ 5 denotes a primitive fifth root of unity, for instance ζ = exp(2π
with the cyclotomic field K = Q(ζ). N is a complex pure metacyclic field of degree 20 with signature (0, 10) whose Galois group
is the semidirect product of two cyclic groups, isomorphic to SmallGroup (20, 3) [3, 4] . The action of the automorphisms is given by σ(
The cyclotomic field K = Fix( σ ) is a complex cyclic quartic field and contains the real quadratic field Q(
of degree 10 between L and N , which is non-Galois with signature (2, 4). The two quintets of non-Galois subfields of N are
2.1. Normalization of radicands. Let p ∈ P \ {2} be an odd prime number. With an integer s ≥ 1, exponents 1 ≤ e j ≤ p − 1 for 1 ≤ j ≤ s, and pairwise distinct prime numbers q 1 , . . . , q s ∈ P (where 2 and p may be among them) let D = s j=1 q ej j be a p-th power free radicand. Since we desire a bijective correspondence between p-th power free radicands and pairwise non-isomorphic pure number fields L = Q( p √ D) of degree p, we introduce the following concepts. 
and all the bigger integers D (k) with k = k 0 are called the co-radicands.
Example 2.1. Only in the cubic case p = 3, where
1 D 2 , we can easily achieve the normalization by selecting two coprime integers with gcd(D 1 , D 2 ) = 1 such that the quadratic component D 2 < D 1 is smaller than the linear component. In this case we can definitely say that D
(1) is normalized and D (2) is the co-radicand, since
In the quintic case p = 5, where the principal focus will lie in this work, we have the following four radicands, one of which is normalized:
Proposition 2.1. There is a one-to-one correspondence between isomorphism classes of pure
of degree p and normalized p-th power free radicands D.
Proof. Any pure number field L = Q( p √ R) of degree p over Q can be generated by adjoining to the rational number field Q the unique real solution
By multiplication of the rational radicand R by the pth power of an integer, we can achieve that R = D is a pth power free integer radicand as defined at the beginning of this section. Without loss of generality, we may assume that
D are also elements of L. According to Formula (2.4), each of the co-radicals
is also an element of L. Different normalized radicands are never multiplicatively congruent modulo Z p , but we have isomorphisms between all fields generated by co-radicals 
2 ) (field of the first species),
2 ) (field of the second species).
It is well known that the cyclotomic discriminant takes the value d K = +5 3 = 125, and Hilbert's Theorem 39 on discriminants of composite fields shows the following result ( [20, pp. 103-104] ).
Theorem 2.1. The metacyclic discriminant is given by
for a field of the first species, = 5 15 R
16
for a field of the second species, the intermediate discriminant is given by
for a field of the first species, = 5 7 R 8 for a field of the second species, and the pure quintic discriminant is given by
for a field of the first species,
for a field of the second species. 3. Differential factors and norm kernels 3.1. Ambiguous ideals. Let E/F be a relative extension of algebraic number fields with relative degree d := [E : F ]. We do not assume that E/F is a normal extension, and thus the law of decomposition of a prime ideal p ∈ P F of F in E may be arbitrary:
∈ N, and for 1 ≤ i ≤ g : P i ∈ P E , e i ∈ N,
Since a Galois group Gal(E/F ) of automorphisms may be missing, we cannot speak about ideals in E which are invariant with respect to F . However, as a compensation, we define ambiguous ideals of E relative to F .
Definition 3.
1. An ideal A ∈ I E is called ambiguous with respect to F (symbol A ∈ I E/F ) if there exists a positive integer n ∈ N such that A n ∈ I F , that is, A · I F has finite order in I E /I F .
Lemma 3.1. Let A ∈ I E be an ideal of E, then the following assertions are equivalent [18] :
Problem 3.1. The following two questions can be answered by a semi-local investigation with respect to the prime ideals p ∈ P F of the base field F (whereas a local consideration concerns the prime ideals P ∈ P E of the extension E):
(1) Which fractional ideals A ∈ I E are of finite order relative to I F ? (2) Which fractional ideals A ∈ I E become trivial under the relative norm N E/F ?
The first, respectively second, question of Problem 3.1 will be answered by Theorem 3.1, respectively Theorem 3.4.
Proof. (of Lemma 3.1 and Theorem 3.
The proof that the condition (∃ n ∈ N) A n ∈ I F implies n | d is contained in the following proof of Theorem 3.1. We select an arbitrary prime ideal p ∈ P F of the base field F and consider the condition A n ∈ I F semi-locally with respect to p: The p-component of A n lies in I F if and only if there exists some exponent m ∈ Z such that (
. We obtain an equivalent system of linear equations with integer coefficients in the unknown integers v i ,
which we can divide by the greatest common divisor e of e 1 , . . . , e g ,
A solution of this system is given by v i := ei e and m := n e . The minimal possible semi-local choice is n := e, whence m = 1. Finally, we can combine the semi-local solutions to a global solution by putting n equal to the least common multiple lcm{e(p) | p ∈ P F } of all semi-local values of e = e(p), which is still a divisor of d, since d is a common multiple of these values.
Primitive ambiguous ideals.
There exists an infinitude of ambiguous ideals in E relative to F , since for instance the infinitely many inert prime ideals are all ambiguous. We are interested in ambiguous ideals which are not contained in the base field and therefore we define primitivity. Definition 3.2. An element A · I F of the quotient group I E /I F is called a primitive ideal of E relative to F . Corollary 3.1. A primitive ambiguous ideal of E relative to F possesses the shape
Proof. For e(p) = 1, we have
This reduces the components of a primitive ambiguous ideal to the finitely many prime ideals p ∈ P F with e(p) > 1. However, for e(p) > 1 and v(p) = e(p), we have (
Thus we can restrict the exponents of the finitely many components to finitely many values v(p) ∈ Z/e(p)Z.
If N/F with F ≤ E ≤ N is the normal closure of E/F with Galois group G := Gal(N/F ), then we set I E/F := I E ∩ I N/F , where
Proof. This is an immediate consequence of Corollary 3.1.
F ] is a prime number q ∈ P, then the condition e = e(p) > 1 is only satisfied by prime ideals p ∈ P F which ramify totally in E, since e | d with e > 1 and d = q is only possible for e = q and thus necessarily f = g = 1. Therefore, if T := #{p ∈ P F | e(p) > 1}, then we have
3.3. Relative different. As the title of the present paper suggests, our main goal is the investigation of differential principal factors, that is, principal ideal divisors (A) = AO N ∈ P N of the relative different D N/K of pure metacyclic fields N = Q( p √ D, ζ) with respect to the cyclotomic subfield K = Q(ζ). For this purpose, a brief excursion to the general theory will be illuminating.
Let E/F be an extension of algebraic number fields. We fix a prime ideal P ∈ P E of E and we denote the ramification exponent of P over the prime ideal p := F ∩ P ∈ P F of F below P by e := v P (p) ∈ N. Theorem 3.2. The contribution of the prime ideal P ∈ P E to the relative different D E/F ∈ I E of E/F depends on the ramification of P in E/F and is given by
The relative discriminant d E/F ∈ I F of E/F is the relative norm of the relative different,
Proof. Now we apply the general theory to our special situations, either the Kummer extension
of the rational base field F := Q. We begin with results for the quintic case p = 5.
Theorem 3.3. Let q ∈ P be a prime number and denote by Q ∈ P N a prime ideal of N = Q( 5 √ D, ζ) dividing the extension ideal qO N . As before, f denotes the conductor of N/K. Then the contribution of Q to the relative different D N/K is given by
Remark 3.1 together with Theorem 3.3 explains the designation differential factors for primitive ambiguous ideals A ∈ I N and a ∈ I L which are not divisible by a prime ideal above 5:
3.4.
Kernel of the relative norm. In Theorem 3.4 we shall find the answer to the second question of Problem 3.1.
Proof. Let p ∈ P F be a prime ideal of the base field F . We consider the condition N E/F (A) = O F semi-locally with respect to p:
Note that, in the preceding proof,
i is only the semi-local component of A with respect to p. Other components of A do not contribute to the valuation v p .
Corollary 3.3.
(
Proof.
(1) For non-split prime ideals p ∈ P F with g(p) = 1, the sum P|p f (P/p) · v P (A) degenerates to a single summand f (P/p) · v P (A) = 0, which implies v P (A) = 0. (2) If A is integral, then all v P (A) ≥ 0 are non-negative. Consequently, the sum P|p f (P/p)· v P (A) with positive f (P/p) ≥ 1 can be zero only for constant v P (A) = 0.
Theorem 4.1. The F 5 -vectorspace I L/Q /I Q of absolute ambiguous ideals has the dimension
which is finite but unbounded. A basis representation is given by
Proof. This follows from formulas (3.3) and (3.4) by taking d = q = 5.
which is finite and bounded by
In particular, the DPF type γ with maximal value A = 3 can occur for T ≥ 3 only.
Proof. The bound in formula (4.4) is obtained by combining Theorem 6.1 with formula (4.1).
4.2.
Intermediate and relative differential factors. We start with a general statement concerning groups of primitive ambiguous ideals.
Theorem 4.2. Let p be a prime and q > 1 be an integer coprime to p. Suppose E 0 /F 0 is a number field extension of degree q, F/F 0 is an extension of degree p, and E = F · E 0 is the compositum of F and E 0 . Then the norm homomorphism N E/F : I E → I F satisfies
and induces an epimorphism
There are isomorphisms of elementary abelian p-groups
and
Proof. The image of an ambiguous ideal A ∈ I E/E0 under the norm N E/F is an ambiguous ideal in I F/F0 : according to item (3) and (4) of Lemma 3.1, we have
. However, generally we have N E/F (I E0 ) = N E0/F0 (I E0 ) ≤ I F0 and there exists an induced mapping N E/F : I E/E0 /I E0 → I F/F0 /I F0 which is an epimorphism, since gcd(p, q) = 1, respectively (∃ a, b ∈ Z) ap + bq = 1, and thus
. The isomorphism theorem yields a quotient representation I F/F0 /I F0 ≃ (I E/E0 /I E0 )/ ker(N E/F ), and since the groups of primitive ambiguous ideals I F/F0 /I F0 and I E/E0 /I E0 are elementary abelian p-groups (for instance,
Let s 2 , resp. s 4 , be the number of prime divisors ℓ 1 , . . . , ℓ s2 ≡ −1 (mod 5), resp. ℓ s2+1 , . . . , ℓ s2+s4 ≡ +1 (mod 5), of the conductor
their overlying prime ideals in M .
where
Proof. The formulas (3.3) and (3.4) with substitutions d = q → 5 and
Consequently, Theorem 4.2 yields formula (4.5) and Theorem 3.4 together with item (3) of Corollary 3.3 yields formula (4.6).
In particular, the DPF type α 3 with maximal value I = 2 can occur for s 2 + s 4 ≥ 2 only.
Proof. The bound in formula (4.8) is obtained by combining Theorem 6.1 with formula (4.5).
s2+s4 the overlying prime ideals in N of the prime divisors ℓ s2+1 , . . . , ℓ s2+s4 ≡ +1 (mod 5) of the conductor f of N/K which 2-split in M and 4-split in N . 
which is finite but unbounded. A basis representation with generators of τ -invariant 1-dimensional F 5 -subspaces is given by
Proof. The formulas (3.3) and (3.4) with substitutions d = q → 5 and T → T + s 2 + 3s 4 imply dim F5 (I N/K /I K ) = T + s 2 + 3s 4 . Consequently, Theorem 4.2 yields formula (4.9). But Theorem 3.4 does not yield formula (4.10) with generators of 1-dimensional τ -invariant subspaces. Here, we must use Proposition 7.1.
which is finite and bounded by (4.12) 0 ≤ R ≤ min(2, 2s 4 ).
In particular, the DPF type α 1 with maximal value R = 2 can occur for s 4 ≥ 1 only.
Proof. The bound in formula (4.12) is obtained by combining Theorem 6.1 with formula (4.9).
Class number relations and index of subfield units
In 1973, Charles J. Parry has determined the class number relation between h N = #Cl(N ) and
[27, Thm. I, p. 476], where U N denotes the unit group of N , U 0 is the subgroup of U N generated by all units of the conjugate fields 
Denote by U N the unit group of N , and by U 0 the subgroup of U N generated by all units of conjugate fields
Then the following class number formula holds:
Proof. • E = 6 for D = 6 = 2 · 3 of type γ,
• E = 1 for D = 33 = 3 · 11 of type α 2 . However, we point out that we did not find a realization of E = 0, that is, obviously U N is never generated exclusively by subfield units.
Galois cohomology and Herbrand quotient of U N
Let p be an odd prime number, D ≥ 2 a p-th power free integer, and ζ p be a primitive p-th root of unity. Our classification of pure metacyclic fields
, which are cyclic Kummer extensions of the cyclotomic field K = Q(ζ p ) with relative automorphism group G = Gal(N/K) = σ , is based on the Galois cohomology of the unit group U N viewed as a G-module. The primary invariant is the group
which is related to the group
of order p P by the theorem on the Herbrand quotient of U N ,
The secondary invariant is a natural decomposition of the group H 1 (G, U N ) ≃ P N/K /P K of primitive ambiguous principal ideals of N/K, which can be viewed as principal ideals dividing the relative different D N/K , and are therefore called differential principal factors (DPF) of N/K,
denotes the real non-Galois pure subfield of degree p of N , the group of bottom DPF, P L/Q /P Q , is of order p B , and the group of top DPF, (
Based on the preceding preparation, we now state our Main Theorem on pure quintic fields L = Q( 
where the group of absolute DPF, P L/Q /P Q , is of order p A , the group of intermediate DPF, 
Proof. The claim is a consequence of combining formulas (6.1), (6.2), and (6.3).
For the sake of comparison, we state the much more simple analogue for pure cubic fields L = Q( 
Proof. A part of the proof is due to Barrucand and Cohn [2] who distinguished 4 different types, I=β, II, III=α, and IV=γ. However, Halter-Koch [10] showed the impossibility of one of these types, namely type II. Our new proof is the combination of formulas (6.1) and (6.2).
6.1. Herbrand quotient of the units of N/K. In section 5, we have seen that the unit index (U N : U 0 ) = 5 e admits a coarse classification of pure quintic fields according to the seven possible values of the exponent 0 ≤ e ≤ 6. However, the Galois cohomology of the unit group U N with respect to the cyclic quintic Kummer extension N/K provides additional structural information. The Herbrand quotient of U N under the action of cyclic group G = Gal(N/K) = σ is defined by
, where the symbolic difference ∆ : E → E σ−1 and the norm N : E → E 
since Archimedean places do not yield a contribution, if [N : K] is an odd prime.
6.2. Ambiguous principal ideals. Since the cyclotomic unit group U K is generated by −1, η, ζ , where η > 1 denotes the fundamental unit of
, we obtain the possible values of the unit norm index (U K : N N/K (U N )) ∈ {1, 5, 25}, according to whether N N/K (U N ) contains {η, ζ} or only η, resp. ζ, or none of them.
The somewhat abstract quotient
is isomorphic to the more ostensive quotient P r := P N/K /P K of the group of relative ambiguous principal ideals of N/K modulo the subgroup of principal ideals of K, according to Iwasawa (or also to Hilbert's Theorems 92 and 94), and by the Hasse theorem on the Herbrand quotient of the G-module U N , we have (6.6) (P N/K : Generally, the fixed value of the Herbrand quotient for a given type of field extension N/K can be interpreted by the following principle.
Trade-off Principle. If many units in U K can be represented as norms of units in U N , then the extension N/K contains only few ambiguous principal ideals. If only few units in U K can be represented as norms of units in U N , then the extension N/K contains many ambiguous principal ideals.
Differential principal factorizations (DPF).
As opposed to the claim P N ∩ I K > P K of Hilbert's Theorem 94 for an unramified cyclic extension N/K of prime degree with conductor f = 1, the subgroup 1 = P N ∩ I K /P K < P N/K /P K , the so-called capitulation kernel of N/K, is trivial for our ramified relative extension with f > 1, because the cyclotomic field K has class number h K = 1. However, the elementary abelian 5-group P r = P N/K /P K , whose generators are principal ideals dividing the relative different of N/K, so-called differential principal factors, consists of three nested subgroups, P r ≥ P i ≥ P a (similar to but not identical with our definitions in [19] and in § 4, since we only want to indicate another slightly different point of view),
• absolute DPF of L/Q, P a , always containing the above mentioned radicals, R := (P r : P i ) in the group of relative DPF of N/K, as the secondary invariant (similar to but not identical with our definitions in [19] and in § 4). The connection between the various quantities is given by the chain of equations
Note that the index of subfield units (U N : U 0 ) does not enter the definition of the DPF types.
Orthogonal idempotents
Firstly, let G = τ ≃ C 2 be the unique group of prime order 2, which is cyclic. For subsequent applications, G may be viewed as the relative group Gal(N/L) of the Galois closure N = Q(
Lemma 7.1. Let µ 2 = −1 ≃ C 2 be the group of square roots of unity, then the character group
The values of these characters for g ∈ G are shown in Table 7 .1.
Two central orthogonal idempotents in the group ring R = Q[G] are given by
More explicitly, we have ψ 0 = 1 2 (1 + τ ) and ψ 1 = 1 2 (1 − τ ). They satisfy the relations ψ 0 + ψ 1 = 1 and ψ i · ψ j = δ i,j ψ j for 0 ≤ i, j ≤ 1.
For our application to the arithmetic of pure metacyclic fields N = Q( 3 √ D, ζ 3 ) of degree 6, we can view these central orthogonal idempotents as elements of the group ring (Z/3Z)[G] using the isomorphism µ 2 = −1 ≃ C 2 ≃ U (Z/3Z) which arises by mapping −1 →2. Then we obtain:
Secondly, let G = τ ≃ C 4 be the cyclic group of order 4. For subsequent applications, G may be viewed as the relative group Gal(N/L) of the Galois closure N = Q(
Lemma 7.2. Let µ 4 = √ −1 ≃ C 4 be the group of fourth roots of unity, then the character group G * := Hom(G, µ 4 ) ≃ G of G consists of four characters {1 = χ 0 , χ 1 , χ 2 , χ 3 } such that
The values of these characters for g ∈ G are shown in Table 7 .2.
Four central orthogonal idempotents in the group ring R = C[G] are given generally by
More explicitly, we have
, and
3 ), and consequently the sum relation ψ 0 + ψ 1 + ψ 2 + ψ 3 = 1.
Proof. For all 0 ≤ i, j ≤ 3, we have 
3 ).
7.1. Invariance. Based on the preceding discussion of central orthogonal idempotents, let us now consider the τ -invariance of associated particular ambiguous ideals in the semi-local F 5 -subspace
(2) The 2-norm kernel element
(1243) is not τ -invariant but is mapped to its (linearly dependent) third power K 
Proof.
(1) (L
(4010).
Theorem 7.1. For a pure metacyclic field with one of the types α 2 , β 1 , δ 1 , ζ 1 , the one-dimensional relative principal factorization in the case s 4 = 1 must be generated by
In any case s 4 ≥ 1, it cannot be generated by any of the ideals
Proof. In the case s 4 = 1, the only two τ -invariant 1-dimensional subspaces of the 2-dimensional F 5 -vectorspace of primitive relatively ambiguous ideals (I N/K /I K ) ker N N/L are generated by
according to Proposition 7.1. If, for instance,
O N is also principal, but being equal to the third power K 3 1 it also belongs to the 1-dimensional subspace generated by K 1 .
In any case s 4 ≥ 1, we give the proof exemplarily for L 2 ) τ = A τ O N would also be principal, according to Proposition 7.1. Since (1040) and (0104) are linearly independent over F 5 , we would obtain a two-dimensional relative principal factorization, which is impossible for the types α 2 , β 1 , δ 1 , ζ 1 . (This can occur only for a field with type α 1 .) 7.2. Application to metacyclic fields. For the investigation of differential principal factors, i.e., ambiguous principal ideals, in the relative extensions L/Q, M/K + and N/K, it is illuminating to begin by determining the order of the finite group of all primitive ambiguous ideals of these extensions. The word "primitive" always refers to the base field of an extension. Denoting by G := Gal(N/K) the subgroup of the metacyclic group Gal(N/Q) = σ, τ which is generated by the automorphism σ of order 5, we let I 2. Let R be the product of all prime numbers ramified in L and put
(1) The group of absolute primitive ambiguous ideals is of order 5 T ,
and it is characterized uniquely with the aid of absolute norms in Z. (2) The group of intermediate primitive ambiguous ideals is of order 5 T +s2,4 ,
and (I
where the norm kernel of order 5 s2,4 is
Here it is assumed that ℓO M = (L 1+τ ) 5 with L ∈ P M for ℓ ≡ ±1 (mod 5). (3) The group of relative primitive ambiguous ideals is of order 5 T +s2,4+2s4 ,
where the norm kernel of order 5 2s4 is
Here it is assumed that ℓO N = (L 1+τ 2 +τ +τ 3 ) 5 with L ∈ P N for ℓ ≡ +1 (mod 5). Summarized and expressed as a direct product of elementary abelian 5-groups:
Proof. Generally, for any prime number q ∈ P which divides R, that is v q (R) = 1, we have full ramification qO L = q 5 in L with a prime ideal q ∈ P L .
(1) Since the extension L/Q is of prime degree 5, an ambiguous prime ideal q in I G L is either inert or totally ramified over Q. In the former case it is imprimitive, q ∈ I Q , and in the latter case it lies over a prime divisor q of R. The relation q 5 = q 1+σ+...+σ 4 = N L/Q q = qZ ∈ I Q shows that a primitive ambiguous ideal must be free of fifth powers, whence I G L /I Q ≃ q|R {q vq | 0 ≤ v q ≤ 4} and multiplication involves reduction of exponents
(2) For the intermediate extension M/K
+ , we have to take into account the decomposition law for the primes q ≡ ±1 (mod 5). A similar reasoning as in item (1) shows that I G M /I K + ≃ I 1 × I 2 is the direct product of two components,
of order 5 t−s2 and, semi-locally with respect to q, (2) . Formula (7.11) corresponds to formulas (1.4) and (6.3).
Rational congruence conditions and asymptotic limit densities
Using connections between differential principal factorization types and invertible residue classes, we prove that the asymptotic limit density of certain types is zero. The existence, resp. the lack, of certain prime divisors of the conductor f permits some criteria for the classification of pure quintic fields. (1) ζ ∈ N N/K (U N ) can occur only when f is divisible by no other primes than 5 or primes q j ≡ ±1, ±7 (mod 5
2 ). (2) Relative DPF of N/K can occur only if some prime q j ≡ +1 (mod 5) divides f . Proof.
(1) The condition for ζ ∈ N N/K (U N ) is due to the properties of the quintic Hilbert symbol (fifth power norm residue symbol) over K. Proof. A necessary condition for the existence of a unit Z ∈ U N with Norm N/K (Z) = ζ 5 is that the conductor f associated with the fifth power free radicand D has only prime divisors p = 5 or p ≡ ±1, ±7 (mod 25) but no prime divisor q in other invertible residue classes (mod 25).
The group of invertible residue classes modulo 25 is U (Z/25Z) = {1, 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14, 16, 17, 18, 19, 21, 22, 23 , 24} with 20 elements. For an increasing number n of prime factors of the conductor f , we have the following probabilities P (n) for a constitution by prime divisors p ≡ ±1, ±7 (mod 9):
• for n = 1: only 4, namely 1, 7, 18, 24, among 20 residue classes, and thus P (1) = • generally for n = t: P (t) = 1 5 t . Therefore, the limit probability is given by lim t→∞ P (t) = lim t→∞ 1 5 t = 0. However, the asymptotic limit density of arbitrary positive integers without prime divisors in an entire residue class, or even from several residue classes, is generally zero, independently of the number n.
Remark 8.1. In Theorem 8.2, we made use of Dirichlet's Theorem on the density of primes which populate invertible residue classes.
Computational simplification
By means of the following lemma, we shall obtain a reduction of computational complexity for determining the differential principal factorization type of certain pure quintic number fields L = Q(
Lemma 9.1. Let η > 1 be the fundamental unit of the real qudratic number field
, 5} the following conditions hold:
Necessity of the condition:
. Thus, we have U + = 1.
s be a 5th power free radicand with s ≥ 1, distinct primes q 1 , . . . , q s and exponents 1 ≤ e j ≤ 4. If
Proof. Firstly, the condition (∀ 1 ≤ j ≤ s) q j ≡ ±1 (mod 5) implies I = R = 0 and thus discourages the types α 1 , α 2 , α 3 , β 1 , β 2 , δ 1 , δ 2 , ζ 1 , ζ 2 for which either I ≥ 1 or R ≥ 1. Moreover, the condition also implies (∀ 1 ≤ j ≤ s) q j ≡ ±1 (mod 25). Secondly, the other condition (∃ 1 ≤ j ≤ s) (q j = 5 and q j ≡ ±7 (mod 25)), together with (∀ 1 ≤ j ≤ s) q j ≡ ±1 (mod 25), excludes the types ϑ, η and, once more, the types ζ 1 , ζ 2 . Consequently, only the types γ and ε remain as possibilities and can be distinguished by means of the unit norm index U := (U K : N N/K (U N )).
Corollary 9.1. Under the assumptions of Theorem 9.1, the decision between type γ and ε can be reduced from the Galois closure N of degree 20 to the non-Galois intermediate field M of degree 10.
Proof. Since the unique type ϑ with U = 1 is impossible, the Lemma 9.1 yields the equivalences U = 5 ⇐⇒ U + = 1 and U = 25 ⇐⇒ U + = 5.
Computational and theoretical results
At the end of his 1975 article on class numbers of pure quintic fields, Parry suggested verbatim "In conclusion the author would like to say that he believes a numerical study of pure quintic fields would be most interesting" [27, p. 484] . Of course, it would have been rather difficult to realize Parry's desire in 1975. But now, 40 years later, we are in the position to use the powerful computer algebra systems PARI/GP [26] and MAGMA [5, 6, 17] for starting an attack against this hard problem. This will actually be done in the present paper. Even in 1991, when we generalized Barrucand and Cohn's theory [2] of principal factorization types from pure cubic fields Q( t with e 0 ∈ {0, 2, 6}. For the primes dividing the conductor, the splitting behavior is described by the number s 2 = #{1 ≤ j ≤ t | q j ≡ −1 (mod 5)} of 2-split primes in N and the number s 4 = #{1 ≤ j ≤ t | q j ≡ +1 (mod 5)} of 4-split primes in N , and the role in formula [20, Thm. 2, p. 104] for the multiplicity m is described by the number u = #{1 ≤ j ≤ t | q j ≡ ±1, ±7 (mod 25)} of free primes and the number v = t − u of restrictive primes. n := t − s 2 − s 4 is the number of non-split primes. Note that, since t is unbounded, there are infinitely many prototypes D of pure metacyclic fields N of degree 20.
Prime radicands.
Trivially, any prime radicand is fifth power free and normalized, a priori.
be a pure quintic field with prime radicand D = q ∈ P. Proof. In both cases, since q ≡ ±1 (mod 5), it follows that q does not split in K + , M, K, N . Consequently, intermediate and relative principal factors are discouraged, I = R = 0, and only absolute principal factors are possible, A ≥ 1. This eliminates the possibility of the types α 1 , α 2 , α 3 , β 1 , β 2 , δ 1 , δ 2 , ζ 1 , ζ 2 , and there only remain the types γ, ε, η and ϑ.
(1) Since q ≡ ±7 (mod 25), the field L is of the species 1b with f 4 = 5 2 q 4 . Since the additional prime 5 is ramified in L, we have A ≤ 2, which discourages type γ but enables types ε and η. However, q ≡ ±7 (mod 25) together with q = 5 denies the existence of a unit Z ∈ U N with N N/K (Z) = ζ, whence types η and ϑ are impossible. So the type must be ε with invariants (A, I, R) = (2, 0, 0) and there must exist a unit H ∈ U N with N N/K (H) = η. Here, N is a Polya field and exclusively of type δ 2 but never of the types ζ 2 or ϑ. Proof. In fact, we have the extreme situation that I = s 2 + s 4 = 2 and consequently
that is, all intermediate ambiguous ideals are principal. 
Proof. In terms of 5-valuations, we prove the contrapositive equivalence Furthermore, we prove the contrapositive implications 
Proof. In terms of 3-valuations, we prove the contrapositive equivalence (1) N is a Polya field.
(4) I L/Q /P Q = P L/Q /P Q , reduced from the metacyclic normal field to the pure field.
(5) A = T , in terms of dimensions over F 5 (which necessarily yields an upper bound for the number of primes ramified in L/Q, T ≤ 2 in the cubic case and T ≤ 3 in the quintic case).
Proof. According to Zantema [37, Thm. 1.3, p. 157], the normal field N with absolute Galois group G = Gal(N/Q) is a Polya field if and only if the short exact sequence
, that is, if and only if the Polya group Po(N ), which is generated by the classes of all Ostrowski ideals of N (see formula (1.1)), is trivial. This abstract cohomological statement can be interpreted in the language of algebraic number theory. According to Iwasawa's isomorphism Using the notation of section § 4, and the number n := T − s 2 − s 4 (non-split primes), we have:
Now we have to select the τ -invariant components of this direct sum, according to section 7.1:
Finally we apply Theorem 10.5 to a few special situations. [26] and MAGMA [17] we have determined the differential principal factorization type, T, of each field N by means of other invariants U, A, I, R. After several weeks of CPU time, the date of completion was Sep. 17, 2018.
The possible DPF types are listed in dependence on U, A, I, R in Table 2 , where the symbol × in the column η, resp. ζ, indicates the existence of a unit H ∈ U N , resp. Z ∈ U N , such that η = N N/K (H), resp. ζ = N N/K (Z). The 5-valuation of the unit norm index (U K : N N/K U N ) is abbreviated by U . The complete statistics is given in Table 3 .
The normalized radicand D = q e1 1 · · · q es s of a pure metacyclic field N of degree 20 is minimal among the powers D n , 1 ≤ n ≤ 4, with corresponding exponents e j reduced modulo 5. The normalization of the radicands D provides a warranty that all fields are pairwise non-isomorphic.
Prime factors are given for composite D only. Dedekind's species, S, of radicands is refined by distinguishing 5 | D (species 1a) and gcd(5, D) = 1 (species 1b) among radicands D ≡ ±1, ±7 (mod 25) (species 1). By the species and factorization of D, the shape of the conductor f is determined. We give the fourth power f 4 to avoid fractional exponents. Additionally, the multiplicity m indicates the number of non-isomorphic fields sharing a common conductor f . The symbol V F briefly denotes the 5-valuation of the order h(F ) = #Cl(F ) of the class group Cl(F ) of a number field F . By E we denote the exponent of the power in the unit index (U N : U 0 ) = 5
E . An asterisk denotes the smallest radicand with given Dedekind species, DPF type and 5-class groups Cl 5 (F ), F ∈ {L, M, N }. The latter are usually elementary abelian, except for the cases indicated by an additional asterisk.
Principal factors, P, are listed when their constitution is not a consequence of the other information. According to Theorem 7.2, item (1), it suffices to give the rational integer norm of absolute principal factors. The quartet (1, 2, 4, 5) indicates conditions which either enforce a reduction of possible DPF types or enable certain DPF types. The lack of a prime divisor ℓ ≡ ±1 (mod 5) together with the existence of a prime divisor q ≡ ±7 (mod 25) and q = 5 of D is indicated by a symbol × for the component 1. In these cases, only the two DPF types γ and ε can occur.
